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Abstract. We present sufficient conditions for finite controlled p- variation of the covariance of 
Gaussian processes with stationary increments, based on concavity or convexity of their variance 
function. The motivation for this type of conditions comes from recent work of Hairer IHaill| . 
Our results allow to construct rough paths lifts of solutions to a class of fractional stochastic heat 
equations with additive, possibly colored Wiener noise with respect to their space variable. 



1. Introduction 

The lack of spatial regularity of solutions to PDEs subjected to space-time white noise (or other 
infinite-dimensional noise) can cause serious obstacles concerning well-posedness and stability. In 
recent work Hairer and coauthors [Hail II IHW111 IHail2[ IHMW12] realized that several interesting, 
at first sight ill-posed, non-linear stochastic PDEs can be solved by constructing a spatial rough 
path associated to the linearized equation. This program was carried out for a system of stochastic 
Burgers' equations (with motivation from path sampling problems) and more recently for the KPZ 
equation on the one-dimensional torus. In both cases, the linearized equation is the classical one- 
dimensional stochastic heat equation 

(SHE) d® t = (A - 1) #tdt + dW u on [0,2tt], 

with periodic boundary conditions. Here A is the one-dimensional Laplacian, i.e. A = d%, the 
summand —1 allows to consider the corresponding stationary solution and W is space-time white 
noise integrated in time. We shall follow Hairer 's setup and consider d i.i.d. realizations of (jSHEp . 
The question then arises how to construct a spatial rough path over x \— > "J (t, x; uS) for fixed time t. 
If such a rough path lift has been constructed one can view ([SHE [I as an evolution in a rough path 
space, a point of view which has proven extremely fruitful in solving new classes of until now ill- 
posed stochastic PDEs. In [Haill Hairer succeeded in establishing finite 1-variation (in 2D) sense 
of the covariance of the stationary solution to (|SHEI) . i.e. of (x, y) E$ (t, x) $ (t, y). According 
to (Gaussian) rough path theory in the form of [FVlOal IFVlOb] this gives a "canonical" way of 
lifting ^> to a rough path *S?. The rough path ^ is a "level 2" rough path or more precisely: M/ is 
a 1/p- Holder geometric rough path for any p > 2 as function of x, with local regularity properties 
akin to standard Brownian motion as function of t. 
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It is clear that the Brownian-like regularity of x i— > ^ (t, x; u>) is due to the competition between 
the smoothing effects of the Laplacian and the roughness of space-time white noise. Truncation 
of the higher noise modes (or suitable "coloring" ) leads to better spatial regularity; on the other 
hand, replacing A by a fractional Laplacian, i.e. considering 

(fSHE) d^ t = (- (~A) Q - l)tf t dt + dW t , on[0,27r], 

for some a £ (0, 1) dampens the smoothing effect and x i-> ^ (£, x; uj) will have "rougher" regularity 
properties than a standard Brownian motion. One thus expects p- variation regularity for the spatial 
covariance of x i— > W (t, x; lj) only for some p > 1 and subsequently only the existence of a "rougher" 
rough path, i.e. necessarily with higher p than before. Applied in the present context, our main 
insights/results are as follows: 

• The local covariance/decorrelation structure of the stationary fractional stochastic heat 
equation (IfSHEl) (in x) is akin to the same structure for fractional Brownian motion (in t) . 
In quantitative terms, 

fBM with Hurst parameter H o fSHE with a = ~ + H. 

As a consequence one has finite 2D-p- variation of the covarianc43 with 

p = -i- for fBM with H < i 
2H 2 

p = — - — for fSHE with a < 1. 
H 2a - 1 

• Recalling criticality of p* = 2 we are able to lift the stationary solution to (jfSHEp in the 
spatial variable to a rough path provided 

* 3 
a > a' = — , 

similar to the well-known condition H > H* = | for fBM (cf. |CQ02| ). More precisely, 
the resulting (geometric rough) path enjoys i-H61der regularity for any p > 2p = 2 a-i • 
When a > I we have p = 2a 1 _ 1 < | and can pick p < 3. The resulting rough path can 
then be realized as a "level 2" rough path. In the general case (similar to H £ (\,^] in the 
fBM setting) one must go beyond the stochastic area and control the third level iterated 
integrals. We emphasize that the notoriously difficult third-level computation need not be 
repeated in the present context. Everything is obtained as application of available general 
theory, once finite p- variation of the covariance is established. A satisfactory approximation 
theory is also available, based on uniform p-variation estimates. 

• On a more technical level, we give a novel criterion to control the 2D-variation of the co- 
variance of (not-necessarily Gaussian) processes with stationary increments and variance 
satisfying a decay condition at and a concavity property; this translates into the re- 
quired local covariance/decorrelation structure which we discussed in the first point above. 
Checking this criterion for fBM is essentially trivial. For fSHE this involves a fair amount of 
Fourier analysis, as does the quest for uniform 2D-p-variation estimates, e.g. in the case of 
smoothing fSHE with hyper- viscosity. Among others, we are then led to consider convexity, 
Holder regularity and ^-estimates for Fourier series. 



The result for fBM is of course known (cf. [FV11] and the references therein). 
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We believe that following a similar route to that in |Hail2p our techniques may prove useful in 
solving the fractional KPZ equation 

dX t = -{-A) a X t dt + (VX t ) 2 dt + dW t , on R, 

with a £ (0, 1). Such fractional KPZ equations arise as models of growing surfaces with impurities 
(cf. |MW971 DTrHXni IKat03j ) . 

Another motivation are path sampling problems for diffusions driven by fractional noise. Recall 
that the original motivation for studying vector-valued stochastic Burgers' equations emerged in 
path sampling problems for SDE of the form 

(1.1) dZ u = AZ u du + f{Z u )du + CdB u , in R d , 

on [0, 2ir}. Here / : R d — > R d is a possibly non-linear function and B denotes standard Brownian 
motion in M. d . In a series of papers [HSVW05, HSV07 ( Haill] the authors realized that the law C(Z) 
on C([0, 2tt}; R d ) conditioned on the endpoints coincides with the invariant measure of vector- valued 
stochastic Burgers' equations of the type 

n 

(1.2) dX\ = axi + g){x t )d x xldt + dwi, % = 1, .., d, 

3=1 

with appropriate boundary conditions. Based on this, efficient sampling algorithms for the paths 
of Z conditioned on the endpoints may be derived. It is tempting to try a similar approach in the 
fractional case; that is, to sample the law of (11.11) with B replaced by fractional Brownian motion 
B H conditional on its endpoints, via the stationary solution of a suitable fractional SPDE. However, 
combining the heuristics found in |HSV07j . notably the relation to Onsager-Machlup functionals, 
and the known form of these functionals in the fractional case [MN02 , suggests an SPDE of the 
form (|fSHEj) with appropriate boundary conditions and with an additional non-local, nonlinear 
term. At present, handling the resulting SPDE is an open problem, although one suspects that the 
present considerations will prove useful in this regard. 

As this work was nearing completion we learned that Gubinelli and coauthors |GIP12j adapted 
Hairer's analysis of the stochastic Burgers' equation to the fractional case (i.e. (|1.2[) with A replaced 
by —(—A)" for a > |) and established existence and uniqueness of solutions. In doing so they 
construct a rough path associated to lfSHEI bv direct calculations under the stronger condition a > |. 
In contrast, our construction of the associated rough path is based on general Gaussian rough path 
theory and thus allows immediate application of the corresponding general results, such as stability 
under approximations and moment estimates. Without further effort we deduce estimates on the 
rate of convergence of approximations following from general Gaussian rough path techniques. On 
the other hand, a very important contribution of |GIP12] is the possibility of going beyond space 
dimension one which is not at all within the scope of our considerations here. 

The article is structured as follows: In Section [2] we establish a general condition proving finite 
p-variation for processes with stationary increments and convex or concave variance function. We 
then use this condition to prove the existence of rough path lifts for such processes. The application 
of this general result to stationary solutions of fractional stochastic heat equations thus requires 
proof of concavity of their (spatial) variance function. Sufficient conditions for the concavity of such 
variance functions in terms of their Fourier coefficients are derived in Section [3] and used in Section 



2 Let us note that Hairer considers the KPZ equation on the torus while most literature is on the whole real line. 
In the end of Section [4] we demonstrate that our results may be used to construct local spatial rough path lifts of 
solutions to HfSHED on the real line. 
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2]to lift strictly stationary Ornstein-Uhlenbeck processes corresponding to fractional stochastic heat 
equations to Gaussian rough paths with respect to their space variable. Moreover, we prove strong 
convergence in rough path metric of hyper- viscosity and Galerkin approximations. Section|4]is then 
concluded by a brief investigation of the stochastic fractional heat equation on the whole real line. 

The most important notions from the theory of rough paths that will be used here are recalled 
in a concise manner in Appendix [XJ 

2. Main Result 

In this section, we shall consider centered, continuous stochastic processes with IID components 
X = (X 1 , . . . ,X dS ) and stationary increments. If X is Gaussian, the construction of a (geometric) 
rough path associated to X then naturally passes through an understanding of the two-dimensional 
p- variation of the covariance of X . For brevity, we abuse notation and write X = X 1 until further 
notice. The law of such a process is fully determined by 

^(u):=EXZ t+u =R x (ll + + l). 

Lemma 1. (1) Assume that a 2 (•) is concave on [0,h] for some h > 0. Then, non- overlapping 
increments are non- positively correlated in the sense that 

EX s<t X u>v = R x ( M ] <0, 
\u,V J 

for all < s < t < u < v < h. 
(2) Assume in addition that a 2 (•) restricted to [0,h] is non- decreasing. Then, 

< EX S:t X u<v = \EX s , t X u , v \ < EX 2 iV =a 2 (v-u), 

for all < s < u < v < t < h. 

Proof. (1): This result can be found in |MR06| Lemma 7.2.7]. It just follows from the identity 

2EX s . t X UtV = cr 2 (v-s)+ a 2 {u - t) - a 2 (v - t) - a 2 (u - s) 

and the concavity of the function a 2 . 

(2): Note X s , t X UtV = (a + b + c)b where a = X s<u , b — X UjV , c — X Vtt - Applying the algebraic 
identity 

2 (a + b + c) b = (a + bf - a 2 + (c + bf - c 2 
and taking expectations yields 

2EX s , t X u , v = EX 2 V — EX 2 U + X 2 t — EX% t 

= (cr 2 (v — s) — a 2 (u — s)j + (fi 2 (v — s) — a 2 (u — s)) 
> + 0, 

where we used that a 2 (■) is non-decreasing. We thus see 

0<EX s<t X UiV = \EX s , t X u , v \. 

On the other hand, from (a + b + c)b = b 2 + ab + cb, and then non-positive correlation of the 
non-overlapping increments, 

EX s .tX u . v = EX 2 v + EX StU X u . v + EAu.t X UtV < EX 2 V . 

<o 



SPATIAL ROUGH PATH LIFTS OF STOCHASTIC CONVOLUTIONS 



5 



This concludes the proof of part (2) of Lemma [TJ 



□ 



Theorem 1. Let X be a real-valued stochastic process on [0, T] with stationary increments and 
covariance function cr 2 {u) := E(X U — Xq) 2 . Assume that a 2 : [0,T] — > R + is concave and that 
|c 2 (w)| < Ccr| up for all u £ [0,T]. Assume further that for some h > 0, f| m w * s non- decreasing. 
Then the covariance of X is of finite p-variation on every rectangle [s,t] x [u,v] C [0,T] 2 . 

More precisely, if the interior of [s, t] x [u, v] does not intersect with the diagonal D = {(x, x) : 
x £ [0, T}}, then 



(2.1) V P {R X - [s, t] x [u, v\Y < CP^/\t^7\^\v~^\. 

If[s,t] x [u, v] is contained in the strip Sh = {(x,y) £ [0, l] 2 : \x — y\ < then 

(2.2) V p (R x ;[s,t] x [u, v]) p < C{\t - s\ A \v - u\) 

holds for some constant C = C(p, C a ) > 0. 

In particular, there is a constant C\ — C\(p, C a , h) such that 

V p (R x ;[s,t} 2 r <d\t-s\ 

holds for all [s,t] 2 C [0,T] 2 and the covariance of X has finite Holder-controlled p' -variation for all 
p'>pon[0,T}. 

Proof. We start by proving (|2.ip : Take a rectangle [s,t] x [u,v] C [0,T] 2 and let (£j) be any 
dissection of [u,v] and (t'j) any dissection of [s,t]. Assume first that [s,t] x [u,v] does not intersect 
with D. We have, using that concavity of a 2 implies negative correlations along disjoint increments 
(cf. Lemma [T]) and the Cauchy-Schwarz inequality, 

p 



U,t'. 



Rx 



t' t' 



E 

ti.f- 



,x. 



< 



ti,t'. 



< |EX Sit X M ,„| p < a 2 (t - s)"/ 2 a 2 ( W - u)"/ 2 < C^vl^^V^ 1 ^- 



Taking the supremum over all partitions shows (|2.ip . 

Let us now prove (I2.2|) : Let [s,t] x [m, w] C 5/j and assume that \v — u\ < \t — s\ < h. The 
proof relies on separating diagonal and off-diagonal rectangles. We will distinguish 5 cases: case 
1: u < v < s < t, case 2: u < s < v < t, case 3: s < u < v < t, case 4: s < u < t < v and 
case 5: s < t < u < v. We will only prove the cases 1 to 3, case 4 is similar to case 2 and case 5 is 
similar to case 1. 

Case 1: For any ti < U + \ £ [u, v] we have, using again Lemma [1] 

p 



Y, \^X ti , ti+1 X t , tt , + ] < \EX ti , ti+1 X, 



and 



Hence 



\EX UiU+1 X Stt \ < \EX Utti+1 X ti 



\EX tiiU+1 X ti!t \ < 2a 2 (t l+1 -U). 



E 



EX 



ti,t i+1 Xt'.H... 
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and passing to the supremum gives 

V p (R x ;[s,t] x [u,v])p < C\\v-u\ 

where C x = 2 P CP. 

Case 3: For t% < ti+i € [u,v] we have 



^- p J2\ EX ^ x ^' i+1 



<3 1 - p \EX t . t .,.X.\ p , < \EX t . t.,,X| p r , , 



^ ^ + l EX *-*.+ i X lp-™r;[t,,t l+1 ] 

+ |EX titii ,X| P r . 

As in case 1, we see that 

\^Xt it t i+1 X.\p_ var .[ S j f ] < \EXt itti+1 X s ^ i \ 

< \EX u , u+1 X sM+1 \ + \EXl M+i \ 

< 2a 2 (U +1 ~U). 

The third term is bounded analogously. For the middle term in (|2.3I) we estimate 

IP 



\Ex u , u+1 xr p _, u+l] = sup j2 m tiM+1 x t> t> \ 

x>'c[t<,t*+i] t / eI >, 

< sup E ff2 ^+i-^) P 

f'c[ti,t j+1 ] t , EZ) , 

<C p \t i+1 -U\. 



Using these estimates in ()2.3|) yields 

J2m UM+1 x t ,^ +i \ p <c 3 \t l+1 -t t \ 

for some constant C3 and we conclude as in case 1. 

Case 2: We use the estimates from the cases 1 and 3 to see that 

2 1 -PV p (Rx- 1 [s,t] x [u,v])P <V p (R x ;[s,t] x [u, s]) p + V P (R X ; [a,t] x [s,v]) p 

<Ci|s-m| + C 3 |w-s| 
< (C x VC 3 )|»-«|. 

This finishes the proof of (|2~2|) 

If [s,t] x is any rectangle contained in [0,T] 2 , it can be represented as a finite union 

rectangles {Ai, . . . ,A n } which are contained in Sh or lie off-diagonal. From the inequality 

71 

V p (R x ;[s,t] x [u,v]) <C(p 7 n)J2v p {R x ;A k ) 

fe=i 

it follows that indeed the p- variation is is finite over all rectangles. 
From equation (|2.2|) . we know that 

V p (R x ;[s,t] 2 r <C\t-s\ 
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holds for all [s,t] 2 provided that \t — s\ < h. Using (|2.1[) and choosing a larger constant C, we 
may conclude that the estimate holds for all squares [s,t] 2 C [0,T] 2 . With |FV111 Theorem 1] this 
implies the claimed finite Holder-controlled p'-variation for all p 1 > p. 

□ 

In the sense of the following remark, the assumption of a 2 to be non-decreasing on [0, h] in 
Theorem [T] is superfluous. We have required it only in order to get a control on the p- variation on 
the complete interval [0,h]. 

Remark 1. Let a 2 : [0, T] — > R+ be a continuous, concave function with cr 2 (0) = for some T > 0. 
Then there is an h G (0,T] such that a 2 is non- decreasing on [0, h]. 

Proof. Since a 2 : [0,T] — > R+ is a continuous, concave function, each local maximum is a global 
maximum. Let h := inf {t G [0, T]| cr 2 {t) = max r6 [ T ] cr 2 (r)}. Without loss of generality we may 
assume a 2 ^ 0. Thus, h > and a 2 is non-decreasing on [0,h], since otherwise a 2 would have a 
local maximum in [0,/i), thus attaining max^^r] °' 2 ( r ) m [0, h) in contradiction to the definition 
of h. □ 

A continuous, centered Gaussian process satisfying the assumptions from Theorem [1] with p G 
[1,2) can be lifted to a geometric p-rough path on the interval [0, T] (cf. |FV10a[ Theorem 35], 
|FV10b| Theorem 15.33]). Thus, we obtain 

Corollary 1. Let X = (X 1 , ...,X d ): [0,T] — > M be a centered continuous stochastic process with 
independent components such that each X 1 has stationary increments with covariance function 
cr 2 ^(u) := E{Xi - X l ) 2 . Assume that for alii = 1, . . . , d, a 2 - 1 : [0, T] -> R+ is concave, \o- 2 ^(u)\ < 
C a \u\~p for all u G [0, T] and some p > 1 and that there is an h > such that cr 2 ^ is non- decreasing. 
Then the covariance function R: [0,T] 2 M. dxd has finite p-variation and finite Holder- controlled 
p' -variation for every p' > p. In particular, if X is Gaussian and p < 2, there exists a continuous 
GW(R d ) -valued process X such that 

(1) X is a geometric p-rough path with X G C ' p ([0, T], G^iW 1 )) almost surely for every 
P > 2p, 

(2) X lifts X in the sense that iri(X t ) — X t — Xq, 

(3) There is a C — C(p, C a , h) such that for all s < t in [0, T] and q G [1, oo), 

\d(X s ,X t )\ Lq < Cy/q\t-s\% 

(4) (Fernique- estimates) for all p > 2p there exists r\ = rj{p, p, h) > 0, such that 

ri\\X\\ 2 i , , 

'" " ±-H6l:lO,T] . 

lH.e p < oo. 

Remark 2. At this point, one might ask what can be said in the case where <J 2 {u) = K(X U — Xq) 2 
is convex on the interval [0, h]. Proceeding as in Lemma\T] (i), it can be shown that non-overlapping 
increments are non-negatively correlated in this case. By writing large increments X Sjt as a sum of 
smaller increments X Stt — X s ,ui + ^ui,u 2 + ^u 2 .t, s <u\ <U2 <t, it then follows that 




= EX s<t X u , v > 0, 



for every rectangle [s,t] x [u,v] C [0,/i] 2 . In other words, every rectangular increment of Rx is 
positive. This readily implies finite l-variation over every rectangle [s,t] x [u,v] C [0, h] 2 . More 
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precisely, we have the estimate 

Vi(R X ][s,t] x [u,v]) < \EX s<t X u , v \, 
Furthermore, by convexity, < <J 2 {u) < ucr 2 (l) for u € [0, 1] we deduce 

Vi(R x ;[a,t] x [«,«]) < ^/\t-s\^/\v-ul 

for all [s,t] 2 C [Q,h] 2 . 

The same is of course true for multidimensional processes X = (X 1 , . . . , X d ) under the condition 
that every er 2;4 (w) = E(JQ t — Xq) 2 is convex on [0, ft], if X is Gaussian, this implies that we can 

lift X to a process with sample paths in the rough paths space C ' p ([0, ft], G^(M. d )) for every 

p > 2. Moreover, the concatenation of geometric rough paths over adjacent intervals is again a 
rough path (cf. [CLLllj . Lemma 4-9) and hence we can lift the sample paths of Gaussian processes 
X : [0, T] — > M. d to Gaussian rough paths on the whole interval [0, T] provided there is a (possibly 
small) h > such that every a 2,1 is convex on [0,ft]. 

For instance, this applies to fractional Brownian motion with Hurst parameter H > 1/2. How- 
ever, from a rough paths point of view, these cases are merely trivial since we can use ltd calculus 
or Young's integration theory to define iterated integrals. 

3. Conditions in terms of Fourier coefficients 

The application of Theorem Q] to stationary solutions ^(a;) to the stochastic fractional heat 
equation (jfSHEj) . as functions of their spatial variable, leads to continuous, stationary, centered 
Gaussian processes ^ : [0, 27r] — > K with Fourier decomposition 

¥(ss) =^Tz k e lkx , 
fcez 

where Z k are complex Gaussian random variable^ with covariance 

EZ k Z l = 5 kl — 
2 

and real valued coefficients a k satisfying a k — a,-k for all k £ N. Then, the covariance R is of the 
form 

R K (x, y) = E*(i)*( y ) = E*(z)*(£) = \Y, a ^ k(x ~ y \ Vx, y e [0, 2tt]. 

Therefore, 

oo 

(3.1) Rk(x,v) =K(\x-y\) = ^ + ^a fc cos(fc|x-y|), 

1 fe=i 

for some K G C([0,2tt]). 

In the following let A, A 2 be the first and second forward-difference operators, i.e. for a sequence 
{afcjfeGN 

Acifc := (Zfc + i — aj; 



■^Actually, the Gaussian structure plays no role in this section. Our entire analysis applies whenever the covariance 
function has the form 13.111 . 
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and A 2 := A o A. Moreover, let 

n n 

D n (x) := e ' kx = 1 + 2^cos(fcx), i£l 

k— — n k.—l 

be the Dirichlet kernel and 

n 

F n (x) := J2D k {x), xeR, 

k=0 

be the unnormalized Fejer kernel. 

Lemma 2. Let {a k } kG ^ be such that A 2 (k 2 a k ) < 0, Vfc € N and 

(3.2) lim fc 3 |A 2 a fc | + fc 2 |Aa fc | + fc|a fc | = 0. 

k— ¥00 

Then 

oo 

K(x) = + ^2 a k cos(fcx) 

k=l 

exists locally uniformly in (0, 271"), is convex on [0, 2it\ and decreasing on [0,7r]. 
Proof. We first note that since 

A(fc 2 a fc ) = fc 2 Aa fe + (2k + l)a k+l 

and 

A 2 (fc 2 a fc ) = fc 2 A 2 a fc + 2(2fc + l)Aa fc+1 + 2a k+2 
assumption (|3.2I) is equivalent to 

(3.3) lim |fcA 2 (fc 2 a fe )| + |A(fc 2 a fc )| + fc|a fe | = 0. 

We now follow ideas from [Krallj . Using the Abel transformation we observe 

n 1 n 1 

S n(x) = — + Y ak cos ( kx ) = 2 X ^ a k+i D k{x) + -^a n+1 D n (x). 

k=l k=0 

By the assumptions and (|3 . 3() we have J^'kLi \^- a k\ < oo. Since sup ngN D n (x) is bounded locally 
uniformly on (0, 2tt) and a n — ¥ we observe that 

K ( x ) '■= y + X ak cos ( kx ) = 2 X &a k D k (x) 

k=l k=0 

exists locally uniformly and is continuous in (0, 2tt). 
The Cesaro means of the sequence S n (x) are given by 



<?n(x) = "7T + ^ f 1 77] ak cos(kx). 

2 n + lj 



By Fejer's Theorem |Zyg59[ Theorem III. 3. 4] and continuity of K, a n — > K locally uniformly in 
(0, 271"). Hence, c'( — > K" in the space of distributions on (0, 27r). Clearly, 

c"(x) = — (1 — I k 2 a k cos(kx). 

' » n + 1 ' 



k=0 
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Let /3 fe := ( 1 — J k 2 a,k- Using summation by parts twice we obtain 



k=0 

n-1 



2^ A (fc a fc )F fe (x;) - 2^ n+1 F ^ x ) + —janF n (x). 



k=0 k=0 

By GOD and < F n (x) <§ + it follows 

liminf inf & n {%) > 0, 

n^oc x£[e,27T-e] 

for every e > 0. For any non- negative test- function G C^°(0, 27r) Fatou's Lemma implies 
K"(ip)= lim a'^(ip)> / liminf a'^ (x)ip(x)dx > 0, 



i.e. K" is a non-negative distribution on (0, 2w). Thus, K is convex on [0, 2tt}. Assume now that K 
is not decreasing on [0,7r], i.e. there are a; < y G [0,7r] such that if (a;) < Since if is given as 

a cosine series, we have K(x) = K(x') and K (y) — K(y') for x' = 2tt — x and y' = 2ir — y. Choose 
t e (0, 1) such that tx + (1 - *)a:' = y. Then 

if(te + (1 - t)x') = K(y) > K{x) = tK{x) + (1 - t)K(x'), 

which is in contradiction to the convexity of K. □ 

So far we need to require concavity of the Fourier coefficients k 2 at in order to control the 
2D-p variation of the corresponding covariance function Rk. Smoothing Rk should preserve the 
control of its 2D-p variation, while it does not have to preserve concavity of the Fourier coefficients. 
The following proposition shows that finiteness of the 2D-p variation is indeed preserved under 
convolution with a measure of finite total variation and that it can be bounded by the total variation 
norm of this measure (cf. also |FV10b| Proposition 5.64]). 

In the following let A^([0, 2n]) be the space of signed, real Borel- measures on [0, 2ir] with finite 
total variation || • \\tv- We say that a sequence fj, n G -M([0, 2ir]) weakly converges to \i G -M([0, 2tt]) 
if 

Mn(^) := / ^(x)dfj, n (x) fi(ip) = / <p(x)dli(x), for n -> oo, 



for all 27r-periodic Lipschitz functions ip G Lip([0, 2n]). Define M w ([0, 2tt]) to be M([0, 2tt]) endowed 
with the topology of weak convergence. For B G i 1 ([0, 2ir]) we set [i B := B dx G A4([0, 2tt]) to be 
the associated measure with density B. 

Proposition 1. Assume that the covariance of ^ is of the form 
(3.4) R(x,y) = ^2a k b k e ik ^ 
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with at = a-k, bk = b-k real- valued for all k £N and there is a real-valued measure p e A4([0, 27r]) 
such that 

[■2-n 

b k 



= / e- lkz fi(dz). 
Jo 



Moreover, assume that Rk(x,v) — Sfcez a k& %k{ ~ x ^ is of finite p-variation on [0,2n] 2 and X^feez < 
oo. Then R is of finite p-variation with 

V p (R; [s,t] x [u,v]) < \\p\\ T v sup V p (R K ; [s - z,t - z] x [u,v]) 

0<z<2n 

<2\\p\\ TV V p (R K ;{0,2ir} 2 ) 
for every [s,t] x [u,v] C [0, 2ir] 2 . Both estimates also hold for controlled p-variation. 
Proof. Since X^fcez l afc l < 00 we observe 

R(x, y) = Y^ dkb k e ik(x - v) = (R K (;y) * ft) (x) = R K (x-z, y) dp(z) 
kei 



Thus, using Jensen's inequality, 



R 



x,y 
x',y' 



P / r-2-ir 

< 



ax 



x — z,y — z 



x',y' 



d\p\(z) 



< M P TV 



2tt 



Rk 



x — z,y — z 

x',y' 



p >!(*) _ 



We will first show the estimate for the controlled p-variation. Let II e V ([s,t] x Then 



E 

[x,y]x[x',y']en 



R 



x,y 
x',y' 



< M p tv 



< 



2tt 



E 

[i,v]x[i',s']6n 



Rk 



x — z,y — z 

x',y' 



WhWtv 



r 2TT 



■ WtV \R K \p-va,r;[s-z,t-z]x[u,v]d 

<\W TV su P \ R k\ P p - v ^ [s - z ^- z )x[uM- 

Vis* ' ' L ' J L J J 



H(*) 



\M\tv 



0<z<2tt 



Taking the supremum over all partitions yields the first inequality. For the second inequality, we 
use periodicity to see that 

\R K \ P p-var;[s-z,t-z]x[u,v] — l-^^lp-var;[-27r,27r] X [0,: 



i,2tt] 



< 2 P " 



-1 ( \ r> IP ilp IP 

\\ 1X K l p -var:[-27r,0]x[0,27r] T l llK I p-var;[0,27r] 2 



< 2 p |i?x|p_ var; [ 27r ]2- 

The estimate for the usual p-variation follows exactly in the same way by considering only grid-like 
partitions of [s,t] x [u,v], i.e. partitions of the form 



{[*i)ii+i] x | {ti) partition of [s,t] and (t'j) partition of . 



□ 



Remark 3. In many cases, z h->- V p (Rk', [s — z,t — z] x [s,t]) attains its maximum at z = 0. // 
p = Sq, we have bk — 1 for every k and the estimate above is sharp. 
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In order to use Proposition Q] to control the p-variation of R{x,y), we need to control ||/i||Ty- 
Since bk — &-fc we observe 

'b 



J2b k e lkx = 2 l^ + J2b k cos(kx) 



A-e: 



k=l 



Recall 



Lemma 3. Let {o/c}fcez be a sequence satisfying bk = b—h and bk — > b € R /or k — > oo and Zei 
S^cc) := ^- X)fc=-n bue lkx . Assume one of the following conditions 

(1) ELl&A-6|<oo. 

(2) i/iere exists a non-increasing sequence Ak such that X)a=o -^k < 00 an d \^k\ ^ -^fc / or a ^ 
fc>0. 

(3) 6fc is quasi-convex, i.e. 

oo 

^(fc + l)|A 2 6 fc | <oo. 

fc=0 

Then, B{x) = ^^kezfik — b)e lkx locally uniformly on (0, 2tt) and the right hand side is the 
Fourier series ofB. Moreover, 

fJ-Sn ~^ I- l b + =: M> weakly in Ai([0, 2n]) 

and bk = Jq^ e~ tkz fi(dz). Moreover, there is a numerical constant C > such that 

{Efcll l&fc - &l> in case (1) 

ET=i A k, in case (2) 

IX (fc + l)|A 2 0fc |, mease (3). 

Proof. Step 1: Wc first restrict to the case b = 0. 

It is enough to prove that B{x) = ^Zk&L bke lkx exists locally uniformly and in i 1 ([0, 2ir}) with 
L 1 -bound corresponding to (|3.5|) . 

(1) : obvious. 

(2) : Assume that there exists a decreasing sequence Ak such that J2"kLo ^fe < 00 an d |A6fc| < Ak 
for all k > 0. In this case the claim has been proven in |Tel73j . For completeness we include the 
proof. 

Arguing as in the proof of Lemma [2] we obtain that 

b x 1 x 

2irB(x) = -j + bk cos(kx) = - &b k D k {x) 

k=l k=0 

exists locally uniformly in (0, 2tt). 

Since J2T=o Ak < 00 we have kAk — > 0. Using summation by parts twice we obtain 

b i + ±b k cos(fcx) = \ £ Ak^Dk(x) = \ £ |AA,| ^A(x)) ■ 



Hence, 



fc=i 



2tt 



k=0 



k=0 



vi=0 



Ai 



T + ^2 bk cos ( kx ) 



fc=i 



fc=0 17 



i=0 



da;. 
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Elementary estimates prove that there is a constant C > such that for each sequence {aj}i g p 
with I a, I < 1 



y^aiDi(x) 



dx < C(fc + 1). 



Therefore, 



2tt 



y + ^ b k COs(fcx) 



k=l 



dx < C^(AA fc )(fc + l) = Cj2 A k < oo. 



k=Q 



k=0 



Consequently, ^ + X^tli bk cos(kx) £ i x ([0, 2tt]) and bi are the Fourier coefficients corresponding 
to B. 

(3): Let now Ylk^oik + 1)|A 2 &&| < oo. A direct proof of this classical result can be found in 
Kol23]. Here, we will prove that the assumptions in (i) are implied. We choose Ak := YlTLk |A 2 fo«|. 
Then 

OO OO OO OO 

E A * = E E \ A ^\ = E( fc + ^i^i < 00 



fc=0 



fc=0 i=k 



k=0 



and the claim follows from (2). 
Step 2: Let now b e M. 

We split up S n as 



2ws n (x) = b ^ tkx = e ( 6fe - b y kx + bD ^- 



k— — r 



By the first step we know that 



2nB(x) =^(6 fe -6) £ 



exists locally uniformly in (0,27r) and in L 1 ([0,27r]) with bound on the Z^-norm given by (|3.5|) . 
Therefore, the measures \i Bn = ^J2k=-n(bk — b)e lkx dx converge to \i B in M w ([0, 2n}). It is 
well-known that D n {x) -> 2n6 in M w ([0, 2%]). Thus, 



S n {x) -)■ /i B + M =: M, in M w ([0, 2tt]). 
The bound on the total variation norm of jj, then follows from step one. 



□ 



Lemma [3] in combination with Proposition [T] allows to derive bounds on the p- variation of co- 
variance functions of type (13.41) depending on /1 only via its total variation norm. Since we will use 
this to prove uniform estimates, we will need the following uniform estimates on the L 1 -norm of 
Fourier series. 

Lemma 4. Let b G C 1 (0,cx)) with b(r) —> for r —> 00 and bj, :— &(r m fc) for some T,m > 0. If 
(1) b is convex, non-increasing, then b T k satisfies the assumptions of Lemma [5J (1), B T (x) — 
~2~ ^2k=i cos(kx) exists locally uniformly in (0, 2tt) and 

\\B t \\l 1 ([o,2tt]) < Cb 0l 

for some C > 0. 
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(2) b £ C 2 (0,oo) with r\b"(r)\ € L 1 (M. + ), then b T k satisfies the assumptions of Lemma [5J (2) 
and 



WWm^) < C / r\b"(r)\dr, 
Jo 

for some C > with B T as in (1). 

Proof. (1): Since b, \b'\ are non-increasing Ab k < and —Abk is non-increasing. We set := 
— A6fc. Clearly, J^kLo = 2&o and the claim follows from Lemma|31 
(2): Let b T {r) :— &(r m r) and observe 

r k+2 fk+2 pk+2 r s 

UT\" 



A 2 ^ = b T k+2 2b T k+1 +bl= (s)ds - / {¥)' (s - l)ds = / / 

Jk+1 Jk+1 Jk+1 Js 



(b T )" (r)drds. 

k+l Js-1 



Since (b T )" (r)dr = T m b"( T m r)d(T m r), we obtain 

oo r k+2 f s 



— ' ' — ' pK-\~Z pS 

J> + <J2 (r + l)\ (F)" (r)\drds 

k=o k=o Jk+1 Js - 1 

oo poo pk+2 

<£ / / Ms-i. s] (r)(r + l)\(b T )"(r)\dsdr 

,. „J0 Jk+1 



k=0 

«oo />oo 



oo pk+2 
Jk+1 

l lr , r +i](s)(r + l)\(b T )" (r)\dsdr 



< I (r + l)(r A 1)| (6 r )"(r)|dr 



T m (r- m r + l)( T - m r A l)\b"(r)\dr 

r{T- m rM)\b"{r)\dr+ / (r A r m )\b" (r)\dr 
Jo 

p oo 

< 2 / r|&"(Y)|dr. 
Jo 

By Lemma [3] this finishes the proof. □ 

Proposition Q] and Lemma [3] motivate the following partial order between bounded sequences 
Definition 1. (1) A sequence (bk) is negligible if(bk) satisfies condition (1) or (2) from Lemma 

m 

(2) A family of sequences (b T k ) is uniformly negligible if (b k ) satisfies condition (1) or (2) from 
Lemma [5j with uniformly bounded right hand side in (|3.5p . 

(3) For two bounded sequences (afc),( c fe) we write (c^) ^ (a^) if there is a negligible sequence 
(bk) such that c^ — a^bk for every k. 

The reason for this definition is that as soon as we can control the p- variation of PiK(x,y) = 
Sfcez ake lk ( x ~ y ^ and X)fcezl a fel < 00 we a l so nave a control on the p- variation of R(x,y) = 
Ekez c ke tk(x " v) for each sequence (c/;) ^ (a^) by Proposition Q] and Lemma [3] As an immedi- 
ate Corollary we obtain 
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Proposition 2. Assume that the covariance of is of the form 

R(x,y) = J2 Ckelk{X ~ V) 

with Ck d o-k and a k satisfying a k = a_fc, A 2 (fc 2 cifc) < for all k 6 N, 

lim fc 3 |A 2 a fc | + fc 2 |Aa fc | + fc|a fc | = 

k— ►oo 

and a& = O (jt~ ( - 1+ ~- > ^j for some p > 1. Then the series K(x) = JDfeez a k cos(fcx) is i/ie Fourier 

series of a -- Holder function, the covariance R of the random process x i— > ^ (a;)) is o/ 

finite p-variation and there is a constant C > suc/i £/ia£ 

y p (i?; [x,2/] 2 )" <C|j/-a:|, 

Zio/cfc /or aZ/ [s,y] 2 C [0, 27r] 2 . TTie constant C depends only on p, the Holder-norm of K and the 
right hand side of (|3-5[) . //, in addition, p € [1,2) then x i— > (5' 1 (a;), \P (a;)) lifts to a geometric 

p-rough path \P e C ' p ([0, 2tt], G^(J$L d )) almost surely for every p > 2p. 

Proof. We first consider the case Ck = at for all k £ N and verify the assumptions in Corollary [1] 
By assumption x ^ (x), ^ d (x)) is a centered, continuous Gaussian process with independent 
components. By Lemma [2] we know that 

x i— > a 2 {x) = E^ix) - ^(O)! 2 = 2(K{0) - K{x)) 

is concave on [0, 2n] and non-decreasing on [0,7r]. Moreover, in }Lor48i Satz 8] it is shown that 
if is ^-Holder if and only if a k = O (jt~^ 1+ ~^ and in particular a 2 (x) < 2\K\i_- H6l \x\~p . Hence, 
Theorem [T] and Corollary Q] yield the claim. 

In the case of general sequences (&&) Proposition [T] together with Lemma |3] imply the claim. □ 

4. Lifting Ornstein-Uhlenbeck processes in space 

Recall that we aim to construct spatial geometric rough path lifts of Ornstein-Uhlenbeck pro- 
cesses corresponding to 

(4.1) dV\ = {-{-k) a -l)¥ t dt + dWl 

with periodic boundary conditions on [0,27r]. Note that (— A) Q admits an orthonormal basis of 
eigenvectors in L 2 ([0, 2tt\) which up to multiplicities is given by the Fourier basis 

{sin(fca;), k > 
|, k = 

cos(fcx), k < 0. 

As a natural generalization of the fractional Laplacian (— A) Q in (|4.1j) we now consider the operator 
A on L 2 ([0, 2ir]) given by 



V{A) = I x e L 2 ([0,2tt]) 
(4.2) I 

Ax = ^2p k (x,e k ), 



^2n 2 k (x,e k ) 2 < oo \ 

k£Z ) 



kei 
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where (/j, k ) is a sequence satisfying fi_ k — ju, k and p k > for all k € Z. The case of the (fractional) 
Laplace operator A = (—A)" is recovered with the choice [x k = |fc| 2 ". 

We consider (possibly) colored Wiener noise Wt with covariance operator Q given by Qe k := 
Ck^k, where a k is a non-negative sequence of real numbers satisfying a k = o-u- Thus, (informally) 
we can write 

fcSN 

for a sequence /3 k of independent Revalued standard Brownian motions. 

We will apply Corollary [T] to construct geometric rough path lifts of the strictly stationary 
solution to 

(4.3) d¥ t = {-A - \)%dt + dWl, i = l,...,d. 
with A > 0. Note that e k diagonalizes A + X with eigenvalues 

A fe = [i k + X > 0. 

Assume from now on 

(4.4) ££<«>■ 

Then there is a unique strictly stationary mild solution ^ to (j4.3[) . The decomposition 

(4.5) Hf{t,x ]U ) = Y J Y?(u)e k {x) =^2fMe« b 

leads to a decoupled, infinite system of d-dimensional Ornstein-Uhlenbeck processes: 

dY k = ~X k Y k dt + ^dp k , 

and Z k := \ {y^ - isgn(fe)F i |fe| ") with sgn(0) := 0, for all k E Z. The Y k are independent Un- 
valued Gaussian processes with stationary increments and i.i.d. components. Since X k = X^ k and 
a k = o- k we have C(Y k ) = £(Y~ k ) for all k g N. In the following we consider a single component 
of ^ and Y k and suppress the corresponding index for simplicity of notation. Note 

(4.6) EZ k Zi = EY t k Yj = e - x -\*-'\ ^-8 k ,t 

ZA k 

and thus 

R K (x, y) = Ett(t, x)*(t, V) = W ^-e ik ^ = K(x - y) 



with 



fc=i fcez 

Proposition 3. (1) Assume that (^j^^J d (fc -2 ") /or some a 6 (|, 1]. Then, for every t > 0, 

i/ie spatial process x <— ► ^t(x) is a stationary, centered Gaussian process which admits a 
continuous modification (which we denote by the same symbol). Moreover, the covariance 
Rk is of finite p-variation for all p > 2 a-i an< ^ 

V p (R K -[x,yf)<C\x-yfi 
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holds for all [x,y] 2 C [0,27r] 2 and for each t € [0,T]. If a > |, </ie process x i— > ^((x) Zi/ts 
to a geometric p-rough path *f?(t) G C ' p ([0, 2tt], G^R^)) almost surely for every 

(2) Assume that (o"fc) is bounded, (A&) is eventually non- decreasing and that 
Then there is a continuous ( even Holder continuous ) modification of the map 

,0,i -Holder 

Hi ■ M / / 

(4.8) 

1 1 ^ *(*). 

Proof. (1): It is clear that the spatial processes are stationary, centered and Gaussian. Concerning 
the continuity, note that since negligible sequences are bounded, (j^j (k~ 2a ) implies that there 

is a constant C such that 



* : [0,T] -> cj'» ([0,27r],GM(R d )) 



< C |i| 2Q holds for all k. Thus |Lor481 Satz 8] implies that K is the 
Fourier series of a 2a — 1 Holder continuous function. Therefore, 

E - V t (y)\ 2 = 2\K(0) -K(x-y)\<\x- y\ 2a ~ x 

which implies that there is a continuous modification. Hence we can apply Proposition [2] which 
yields the claim. 

(2): We will derive the existence of a continuous modification by application of Kolmogorov's 
continuity theorem. Therefore, we need an estimate on a g-th moment of the distance in the d\_ K - 6l 

V 

metric of the rough paths &(t), *(s) at different times < s < t < T. Such an estimate can be 
obtained by applying [FV10b| Theorem 15.37]: Let < s < t < T, r := \t - s\ and X{x) := 
{^ l {t, x), ^ d (t,x)), Y(x) := (^(SjX), ...,^ d (s,x)). We will first prove that the covariance of 
(X, Y) has finite Holder dominated p'-variation for all p' > 2 a~\ i uniformly in r. Note that 

R T (x,y) = EX 1 (x)Y 1 (y) = E* 1 ^, x)^ 1 (s, y) 



Y.it k e ~ XkTcos{k{x ~ v)) 



ke 

\2a 



E 



(^a7") (\ k \~ 2Sae ~ XkT ) \k\- 2{1 - £)a cos(fc(x - y)) 



for every e > 0. We will apply Proposition Q] multiple times. We therefore need to proof that 
the first two sequences are (uniformly) negligible. For the first sequence this follows from our 
assumptions. We will show the the A-criterion holds for the sequence (\k\~ 2ea e~ TXk ). By the mean 
value theorem, 

|Ae _ TAfc| ^ lAAfcl sup|Ce - g| < 

Therefore, 

|A(|/cr 2eQ e- TAfc )| < \A\k\- 2ea \ + |fcr 2£Q |Ae- TAfc | < \k\- 1 - 2ea . 



4 These conditions may be relaxed in various ways. However, we decided to formulate it like that for the sake of 
simplicity. 
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Since this is summable for a,e > we can apply Lemma [3] which shows that the second sequence 
is uniformly negligible. This implies that R T has finite Holder dominated p' variation for p' = 
2(i-E)a-i > uniformly in r > 0, for every e > 0. Choose e > small enough such that p > 2p' holds. 
Then |FV10a| Theorem 37] implies 

dL_ HSl (9(t),9(*))\ Lt < Os/q\R nt )-Hs)\L 

for some 9 = 8(p, p') > and all q £ [1, oo). In order to estimate the right hand side we note 

\R9Ht)-9H.)(x,v)\ = lE^&x^&y) - * x (t, x)^(s, y) 
- tf^y)* 1 ^) + ^ 1 (s,x)^ 1 {s,y)\ 



2Xh 



< 



E 

fcez 



feet 



e -A fc r\ e ik(x-y) 



-AfcTl 



< C ^ - *l + CW 1 - 2 "' E 1 

fc<JV k>N k 

< C(N\t- s\+ N 1 - 2 *') 
for a' £ (1/2, a). We then choose N ~ |i — s|~277 to obtain 

|-H*i( t )_*i( s )(a;,y)| < C|t- sl 1- ^ 7 , 

and thus 

for some > and all p > 2 a-i ' 9 ^ [•"•> °°)' Now Kolmogorovs continuity theorem implies that for 
a small 7 > there is a modification of t >->• (again denoted by ^(t)) such that 



(E||*ll^ ra;[ 0,T] 

for some constant C = C(^y,T,p,6,q). 



< C < 00, 



□ 



Example 1. FFe consider the stochastic fractional heat equation with (possibly) colored noise on 
the one- dimensional torus, i.e. 

(4.9) d% = {-A a ^\ - X)dt + dA-lW{, i = l,...,d, 

where A a — (—A)", a £ (0,1], 7 > 0, A > and W t is a cylindrical Wiener process. Hence, 
A fc = \k\ 2a + A and a k = |fc| -27 . We claim that (f^j -< (fc~ (27+2a) ). To see this, we need to show 

that 



A + |fe| 2 ° 



is negligible. Set g{x) — x ^ +l ■ By the mean value theorem, 



A 



2n 



|fc| 

A + 1*1 



< l</|oo||fc+l| 



-2a 



i^r 2Q l < i*r 2a_1 . 
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Since this is summable the claim is shown for a > 0. Therefore, the assumptions of Proposition^ 

3 

2 ' 

,J IAI£.| 2 "I _ „ 

fcl 



(1 ) are satisfied if 2j + 2a > | . Clearly, 



\AX k \_ \A\kn _. 1 , l2Q _ 1| , J _ 2a _. ltl _ x 



A fe \k\ 2a + X 

and (|4.7I) holds. Thus, there is a geometric p-rough path (^-Holder continuous) ^f t , lifting the 

2_ 

2~ ( +2a 



i p 

strictly stationary solution to ()4.9j) in space for every p > 2 + 2a -i a7J ^ ^ — ^' Moreover, there 



is a continuous modification of the map 

* : [0,T] -> C °'^ H£>Mer ([0,27r],G M (R d )). 

4.1. Stability and approximations. In this section we will consider hyper- viscosity approxima- 
tions and Galerkin approximations to \1/ and prove the strong convergence of the corresponding 
rough paths lifts. 

The hyper- viscosity approximation ^ £ — (\I ,e > 1 ) . . . , <J/ e ' d ) is the solution to 
(4.10) d^ 1 = {-A-eA fi -\)^l' l dt + dW l t , i = l,...,d, 

for some (large) /3 > 1 and e > 0. The 1 i< £ are called (hyper-) viscosity approximations of ty. As 
before, e k diagonalizes (A + eA^ + A) with eigenvalues 

K = Mfc + £ f-k + a > 0. 
The covariance R E of every component of *& c (t) is given by R £ (x, y) — K e (\x — y\) where 

<Tfc cos(fca;) 



4A 



A- 



The Galerkin approximation $j of is defined to be the projection of ^> onto the (2N + 1)- 
dimensional subspace spanned by {e-k}\k\<N- This process solves the SPDE 

(4.11) d^f^ = {-P N A-\)^- l dt + dP N W l t , i=l,...,d 

where P/v-A has the eigenvalues /ifcl|fe|<jv an d PjvWt has the covariance operator given by 
Q N e k = lifc^jvCfeefe- The covariance P of \E ,Ar,I (t) is of the form R N (x, y) = AT^da; — y\) where 

K N ( ) - \" cos(fcx) 
^ 4A fc ' 

fe|<AT 

One easily checks that we can lift the spatial sample paths of and to Gaussian rough 
paths and find continuous modifications of t i— > resp. i H> 1 4 r f r . Moreover, we can prove the 
following strong convergence result: 

Proposition 4. Under the same assumptions as in Proposition^ for every p > 2 a-i there are 
constants C± , C 2 such that 

(4.12) supV^(P(* t) *|); [x,y] 2 ) < d\x - y\p and sup V P {R {9 «,Ny, [x, y} 2 ) < C 2 \x - y\p 

e>0 NeN 

holds for every square [x,y] 2 C [0, 2ir] 2 and t € [0,T]. Moreover, for every p > 2 a-i > 1 ^ ^ 
t £ [0, T], one has 



(4.13) di_ ff67 (* t ,*f) ^0 and di_ ml (*u *f ) 

P L9(P) 

/or e — > resp. A — > oo. 



->0, 
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Proof. Hyper- viscosity approximation: To prove (|4.12p . we have to show that 
(4.14) sapV p (R 1 ;[x,v] 2 )<\x-y\V'' and sup V p (f ; [x, y} 2 ) < \x - y\^ p 



s>0 



e>0 



holds for every [x, y] 2 where f e (x, y) = E (^Kx^l' 1 (y)j . In order to get a control on the p- variation 

of R e we apply Proposition [T] and Lemma [3] multiple times. To do so, we need to decompose the 
coefficients as a product of a well-controlled sequence (a&) and possibly multiple negligible 

sequences. For simplicity of notation we write Xk '■= A fc . We note 



4A| 



\k\ 



-2(l-5)a 



\k\ 



2a a k 
4A fc 



-25a 

At- 



We need to show that the second and the third sequence are uniformly negligible. For the second 



sequence, this follows by our assumptions. Note that jf- 
theorem, 



1 + 8^ 



and by the mean value 



A[^ 



< sup 



A 



1-/3 



At ^ At 



Furthermore, 



and thus 



which shows that 



|AA-|<^<^ 

X k 



^^lAA^I + A^IA^I^^IA^I+^T^A^I, 



^'1 



< 



|A/x fe | , |A M: 



uniformly in e. Since 

A ('/,• - M "V 



< 1, 
A fc 



A; 



< lAlfel 



-25c 



\k\ 



-2So 



|AA fc 
A fc 



Al^ 



which shows that for every 5 > 0, 2 ° a ^j is uniformly negligible. For any p > 2a -\ ; we can 
choose (5 > small enough such that p = 2 (i-a) a -i holds. This shows the left hand side of (|4.14l) . 

For **(a;) = J2kez Y t k ^(x) and %'\x) = £ fceZ F t fe > E efc (z) we have 



EY t k Y t l > £ = E 



a k d/3 s 



o~i d/3 

Ok 



k.i 



Afc + Afc 



Sk 



k.l- 
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Hence 



r(x,y) = J2e k (x)e k (y)EY t k Y t 
fcez 

= y^ek(x)e k (y) 



k,e 



A fe + Af 



(TO 



2(Ao + Ag) ' ^ A fc + A| 



E 



cos(fc(ir. — y)). 



We decompose the coefHcients as follows: 



A* + \% 

for 5 > 0. Noting that — ^ — - 



fe |-3(l-tf)a (jfc| 2a ^ ^ 



Aa 



( 2 + Ej^) , we can proceed as above to see that also the right 

hand side of (|4.14[) holds and thus (14. 12)) is shown in the hyper- viscosity case. It remains to prove 
(|4.13[) . Using FVlOa, Theorem 37] and the Cauchy Schwarz inequality, it is enough to show that 

(4.15) sup E|* t (x) - *f(ir)| 2 -> 

x<£[0,2ir] 

for e — > 0. We have 

E|*(rB,i) -* e (a;,i)| 2 =E|*0,i)| 2 + E\^ £ (x,t)\ 2 - 2E*(x, i)* e (x, t) 

= E 



4AT 4A| ~ A fe + XI 



Now 



4AT 4A| ~ A fc + A£ 



< 



< 



4A fc 4A fc +4e,uf 2A fc + e M f A fe 



and since this is summable, we can use dominated convergence to see that indeed (|4.15|) holds for 
Galerkin approximation: Again we have to prove that 



(4.16) 



S up^(i^;[x,y] 2 )<|z-y| 1 /'' and sup V p (f N ; [x, yf) < \x - y\ 



NEN 



NEN 



holds where f N (x,y) = E^^\x)W l t (y). Note that 



K N {x) = £ \k\- 2 ^ 5)a \k\ 2a ^- {\k\-^l M<N ) cos(fcx)- 

The second sequence is negligible by assumption. Using Proposition [TJ it suffices to show that the 
Fourier series 



^=EW" Ma %i<^= E \ k \' 2Sa 



<-k 



IfeKiV 



is uniformly bounded in ^([O^tt]). Since Afc~ 2<5a = Oik' 2501 - 1 ) and lim*^ log(/c)fc- 2<5 " = 
we can apply the Sidon-Teljakovskh Theorem (cf. jTtel73, Theorem 4]) to obtain B N -> B for 
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N -> oo in ^([O^tt]). This proves the left hand side of (|4~To) . If ^f'^x) = Efc e z^ e fcO) with 
f t fe = l| fc |<ArF t ' £ , one has 

/ Ar (.T, 2/ ) = ^e fc (a:)e fe (y)Ey t fe y t fc = £ e^efcO/Wf = £ cos^z - y))^*- 

fcGZ |fc|<AT |fc|<JV ^ k 

= K N (x-y). 

With the first part, this implies (|4. 16[) and thus (|4.12l) in the case of the Galerkin approximations. 
Furthermore, 

keZ ^ h \k\<N ^ K \k\<N K \k\>N ^ h 

for N — > oo due to summability. 

□ 

Remark 4. One can check, using Lemma^ that in the special case /i fe = \k\^ we have 

supV p (R { y t ^ c) ; [x,y] 2 ) < C x \x - y\i 

even for p — 2 a-i f or a ^ squares [x, y) 2 C [0, 2n] 2 . 

Remark 5. The bounds obtained in (|4.12[) can also be used for other purposes. For instance, 
they become crucial when proving uniform (exponential) integrability of certain related stochastic 
integrals, a question raised in |Haillj . See |FR12bj for further details. 

Remark 6. Our calculations are well suited to determine also the rate of convergence in (|4.13j) for 
the inhomogeneous rough paths metric gi_ Hd i(-, ■) (cf. [FVlQb] for the formal definition of these 

metrics). As an example, we consider the Galerkin approximations. Since 




we have E|^(ir, t) — ^ N (x, t)\ 2 — > for N — > oo with rate 2a — 1. Using the results of |FR12aj (see 
also [RX12] ). for every e > there is a p = p Pi£ > 2p such that 

<g* L * J sup (El^Ktl-^fx,*)! 2 ) 1 " 1 " 5 . 
Hence for every e > 0, we can choose p close enough to 2 a-i ^° see ^ la ^ 

p 



i, <it 



for N — > oo with rate 2a — | — e. Using a Borell-Cantelli argument, we also obtain almost sure 
convergence with the same rate. Note that in general, one has to choose p large in order to obtain 
the optimal convergence rate (cf. |FR12aj for the optimal choice of p). 
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4.2. The continuous case. Consider the stationary solution of 

d^ t = -((-A) Q + A)*i dt + dWt, onR, 

for some a £ (0, 1], A > 0. The stationary solution can be written down explicitly (cf. |Wa l86 ) . 
namely 

tf t (s) = f [ K t - s (x,y)W(ds,dy), 

J — oo R 

where K is the fractional heat kernel operator associated to —((—A)" + A) with Fourier transform 
given by 



MO = e 



-t\£\ 2a -\t 



After some calculations, one sees that the covariance R of the spatial process x *&t(%) for every 
time point t is given by R(x, y) = K(x — y) where 

/oo 
- oo 

and 

^ = 2|£| 2 « + 2A' 

In order to deduce the existence of a rough path lift of x ^&t(x) on compact intervals of R by 
means of Theorem [1] we have to prove convexity of K, which will follow from Lemma [5] below if 
a > h. It is easy to see that a 2 (x) — E(4 f t (x) — "^(O)) 2 < |x| 2q_1 . Hence, we can apply Corollary 
[1] to see that can be lifted, for every fixed time point t, to a process with sample paths 
in C°'' 3 ~ H ° lder (I, Gl 1//3] (K d )), every /3 < a — 1/2, provided a > 3/4, where / can be an arbitrary 
compact interval in R containing 0. 

It remains to establish a continuous version of the statement in Lemma [21 which provides a 
convexity criterion for K, i.e. a criterion for the convexity of Fourier transforms. For a function 
/ £ L X (R) we define 

/»=/ /(C)e- <X? ^- 



Then the following Lemma holds: 

Lemma 5. Assume that f,f £ i 1 (R), /(£) = /(— £) /or / is iwice differ entiable almost 

everywhere, 

hm e 3 i/"(0i+e 2 i/'(0i + ei/(e)i = o 

f — >oo 

and i/*ai i/iere is an xo € (0, oo] such that 

i imsup [ R -^(me)Ft(x)d£<o, 

R^oc Jo Oti, 

for all x £ (0, xq) where F^(x) = 1 ~ cos J-^ x ') denotes the Fejer kernel. Then f is a convex function 
on [0, xq). 
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Proof. Since the proof is very similar to Lemma [2] we just sketch it briefly. By Fejer's Theorem for 
Fourier transforms (cf. K6r89, Theorem 49.3]), 



for all x provided jeCflL 1 . Setting g — f, we obtain from Fourier inversion 



lim — 

R— s-oo 2ir 



r 

R— >oo t 

We then proceed as in the proof of Lemma El □ 



Note that given / 6 L 1 it does not follow in general that also / 6 L 1 . However, Bernstein's 
Theorem states that the Fourier transform of functions / in the Sobolev space H s is contained in 
L 1 for aU s > \ (cf. |Hor83l Corollary 7.9.4]). 

Appendix A. Notation 
Let (E,d) be a metric space and X £ C([0, 1],E). We define the a-H61der-seminorm by 

d{X s ,X t ) 
o<s<t<i \t— s\ a 



\ X \\a-Hdl : = SUp 



Given a positive integer N the truncated tensor algebra of degree A is given by the direct sum 

T N (R d ) = R © R d © ... © (M d ) 8JV . 
With tensor product <g>, vector addition and usual scalar multiplication, T N (R d ) = (T N (R d ) ,©,+,. 
is an algebra. Let Hi denote the canonical projection from T N (R d ) onto (M 11 ) 181 . 

For a function X : [0, 1] — > R d of bounded variation, we define the canonical lift X = Sn(X) : 
[0, 1] -> (R d ) via iterated (Young) integration, 

N 

X t = S N (X) t = i + Y, dx ^ ® - 

t=l •'0<si<...<s i <* 

noting that Xo = 1 + + ... + =: e is the neutral element for ®, and that X t really takes values in 
G w (R d ) = {.g £ T N (R d ) : 3Y £ C 1 "™' ([0, f] , R d ) : ff = S N (X) 1 } , 

a submanifold of T N (R d ) , called the free step- A nilpotent Lie group with d generators. We will 
use the canonical notion of increments expressed by 

X M : X. : X,. 

The dilation operator 5 : R x G N (R d ) G N (R d ) is defined by 

m (S x (g)) = AV^), i = 0,...,A. 

The Carnot-Caratheodory norm, given by 

\\g\\ = inf {length(A) : X £ C 1 ^ ([0, 1] , R d ) , S N {X) 1 = g} 

defines a continuous norm on G N (R d ) , homogeneous with respect to S. This norm induces a 
(left-invariant) metric on G N (R d ) known as Carnot-Caratheodory metric, 

d(g, h) := ||.9 _1 ® /ill ■ 
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Let X,Y e C ([0,1], G N (R d )), the space of continuous G N (R d )-valued paths started at the 
neutral element. We define the a-H61der-distance by 



( X j Y ) := sup , 

o<s<t<i \t — s\ 



Note that d a _udi (X,0) = ||X|| a _ ff(5i where denotes the constant path equal to the neutral 
element. The following path spaces will be needed 

(i) d /p ~ HSl ([0, 1] , G N (R d )): the set of continuous functions X from [0, 1] into G N (R d ) such 
that di/p-Hbl (0,X) < oo and Xo = e. 

(ii) Co' 1/p - Hdl ([0, 1] ,G N (R d )): the d 1/p _ Hsr closure of 

{S N (X) , X : [0, 1] -> R d smooth} . 

Recall that a geometric p-rough path is an element of C°' 1/p Hdl ([0, 1] , (R d )) and a weak 
geometric rough path is an element of C^' 1151 ([0, 1] , GH (M. d )) . For more details we refer to 
|F^a0bj [LQ02l|Lyo98| . 

Let T > and A T = {(s, t) : < s < t < T} . We regard ((a, 6) , (c, d)) € A T x A T as a (closed) 
rectangle Ad [0,T] 2 ; 

A:= f ^ ) := [a,6]x[c,d]; 



c 



if a — b or c = d we call A degenerate. Two rectangles are called essentially disjoint if their 
intersection is empty or degenerate. A partition II of a rectangle R C [0, T} 2 is a finite set of 
essentially disjoint rectangles, whose union is R; the family of all such partitions is denoted by 
V (R). Recall that rectangular increments of a function / : [0,T] 2 — > R are defined in terms of / 
evaluated at the four corner points of A, 

'<">=-/Ui)=-'0)-'(;)-'(') + '('' 

Let us also say that a dissection D of an interval [a, b] C [0, T] is of the form 

D = (a = t < ti < ■ ■ ■ < t n = b) 
and write D ([a, b}) for the family of all such dissections. 

Definition 2. Let p € [1, oo). A function f : [0, T] 2 — > R has finite p-variation if 



V p (f;[s,t] x [u,v]) := 
it has finite controlled p-variation if 



( . n \ 

Erf til H+l 

V-D'=(tJ)e£>(K«]) 



t' t' 



< oo; 



\f\p-var-[s,t] X [«,„] : = SU P <0 °- 

ne-p([ s ,t]x [u,v]) J 
If in addition \ f\ p var .r g t i2 < C\t — s| we say that f has finite Holder controlled p-variation. 
For more details on higher dimensional p- variations we refer to |FV11| IFVlOb] . 
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